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A057RACT I
Several optical techniques are of interest as possible approaches to the chemical analysis of fuels and

lubricants. Of these tech 1lques, measurement of the phase shift or time lag in the Kerr effect was chosen
for initial investigation. A breadboard device was constructed to measure the phase shift at frequencies
from 200 Hz to 100 kHz. This device was used to measure the critical frequencies of
poly.-y-benzylR..glutamate (1500 Hz), Acryloid HF-866 (1900 Hz), a probable impurity In lubricant ester
S-9 (1000 Hiz), and lubricant ester S-7 (>5 kHz), and also to analyze quantitatively a mixture of Acryloid
HF.866 and the impure ester S-9. A spectrometer of simpler construction than the current instrument was
designed to facilitate extending the measurements to higher frequencies on the order of 1 MHz, so that a
wider range of molecular sizes and structures can be investigated. Also, the equations describing the Kerr
response curve of mixtures were derived. Some numerical tests of the simple analysis procedures were
compared with the results of these equations, and intensity and derivative spectra for representative mix-" ~tures were obtained.
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SECTION I

INTRODUCTION

The analysis of fuels and luhricants entails the resolution of complex mixtures and often the deter-
mination of materials present in trace quantities, A wide variety of conventional and instrumental tech-
0~ques have been brought to beat on these problems, and satisfactory methods have been developed for
many specific materials, However, there are many unsolved problems in this general field, and the develop.

ment of new techniques is of definite interest.

Among the optical methods that have received scant attention, one may list those based on the
Faraday effect, 1he Kerr effect, and fluorescence or phosphorescence spectra.

The work reported herein is the first phase of an investigation of time lugs In the Kerr- effect as a

possible means of characterizing molecular size and structure.

I .I
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SECTION II

BASIS OF TIME LAGS

When an electric field is applied to various substances, the material becomes doubly refracling.That
is. the index of refraction for light polarized parallel to the field is different from that for perpendicularly
polarized light. When the incident light is linearly polarized at 45 degrees to the electric field, the difference
in indctes of refraction leads to a phase shift between the components of the incident light polarization
vector which are parallel and perpendicular to the applied electric field, The net result is that light emitted
from the cell is now elliptically polarized rather than linearly polarized, This process is illustrated in Figure

.I The magnitude of the Kerr effect is described by

SiA = /2k'2 X (I)
lA

where A is the optical path difference between the parallel and perpendicular components: j, the Kerr
constant, is defined by this relation: Q is the path length ii; the medium: F is the electric field strength:,and
X is the wavelength of the incident light. Figure 2 shows the experimental arrangement. in block diagram
form, as well as the qualitative shapes of !he applied voltage and observed signal. In the experiment, the
polarizer and analyze; are crossed so that no light iL passed when the electric field is zero. When the electric
field is apptied, the light coming from 't!;e Kerr cell becomes elliptically polarized and, hence, some light is
passed througo the analyzer. Thi,. light is detected and the resultant voltage is amplified to give the observed

K." C.11 Analy.or

[ I l*, .I I.I-,

ill

FIGURE 1. D. C. KERR EFFECT FIGURE 2. BLOCK DIAGRAM OF APPARATUS

signal. An alternating field applied to the sample gives rise to a repetitive signal which has a characteristic
shape. This shape may be used in the Lissajou pattern to determine the phase relationship of applied voltage
and signal, or it may be analyzed in a phasemeter or lock-in amplifier to give the phase relationship directly.
The function of a phase lock.in amplifier is to measure a certain frequency component of the input signal.
It performs this function by comparing the input signal with a reference signal and amplifying that portion
of the input signal that is in phase with the reference. In the present experiment, the reference signal was at
the doubled frequency 2w. for reasons given in Appendix I. This appendix contains the mathematical
analysis of the frequency distribution of the light intensity signal.

From a m'olecular point of view, the Kerr effect has several origins. A molecule with an electric dipole
moment tends to align itself with the electric field. The anisotropy of the medium thus produced causes the
difference in indices of refraction and, hence, the Kerr effect. The fact that the molecule itself' must be

2



oriented in this case indicates that finite times arc involved. That is, the moment of inertia and interaction
tit iIe molecuic wim soivent molecules set a limit on tfie time It takes the molecule to align Itselt with the

field. For a mathematical expression of the problem and the relationship of the response time of the
molecule to molecular parameters. see Appendix I1. This behavior manifests its•elf experimentally as a phase
shift of the Kerr signal with respect to the applied 1:.
voltage as well as an amplitude change in the signal. A

qualitative explanation of this behavior is as follows.
At low frequencies of the applied field, the molecules
have ample time to align themselves with the field WE-
and, hence, stay almost in phase with it. At high fre-
quencies, the molecules no longer have time to orient .. .
themselves and, hence, no orientation-based Kerr "
effect is measured. This behavior is illustrated In Fig- -o.

ure 3, showing the Kerr constant and relative phase of
applied field and signal as a function of Irequency of
the applied field. ýo

A similar orientation behavior can be obtained
if the electronic polarizability is anisotropic. In this -_..

case, the induced electric dipole moment has a prefer-
ential direction in the molecule. The molcule then FIGURE 3. KERR FREQUENCY RESPONSE CURVE
tends to orient itself with the direction of maximum (Perimanent Moment)
polarizability along the electric field direction. Since
the same limits apply to the actual motion of the
molecule, there are no differences in the theory for the rotational diffusion time (half amplitude point in
Figure 3). However, the amplitude and phase curves are different from the permanent dipole case (see

J Appendix I1). In this case, the Kerr signal goes to 90 degrees out of phase with respect to the driving
voltage, as contrasted to the permanent dipole case where the limit is 180 degrees. Also, the amplitude goes
to one-half its d.c. value instead of zero, as in the permanent dipol, case.

In order to measure the molecular orientation pheE:omena, the frequency of the applied electric field
is varied and the phase and amplitude of the observed signal is measured. These data are then collected in
the form of a graph in which frequency is the x-axis and phase or amplitude is the y-axis. Determination of
the shape of this curve then allows distinction between polar and nonpolar molecules, some estimation of

degree of aromaticity, and determination of a geometry factor.

" I=
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•i SECTION ill

EXPERIMENTAL RESULTS AND INTERPHEIAt ION

The Kerr cell electrodes were two parallel copper plates coated with gold and separated one from the
other by a fixed distance d. The separation of the plates was made only large enough to permit the laser
Sbeam to pass between the plates without being depolarized. This distance d for the Kerr cell was approxi-

y0.118 in., ie,, slightly larger than the laser beam's diameter. The capacitance of a parallel-plate
capacitor is

Q AC A-,, (flarad) 2
C=V,. d••••

where

A is the area of the dielectric fiacing the electric flux lines expressed in square meters

d is the separation of the conductors expressed in meters

e, is the dielectric permittivity of the dielectric

I F
e, - 36 - permittivity of free space

361T X 10 9 rn

By use of Equation (2), one can determine the capacitance of the Kerr cell by its dimensions and the
dielectric constants of the material being examined between the plates of the Kerr cell. The capacitance
of the Kerr cell varied from 10 to 100 pF in the experiments performed.

An electrical schematic of the apparatus is shown in Figure 4. The optical components are given for
reference only, the actual optical system being as in Figure 2. The system, as represented here, was operated
as a tuned R-L-C circuit (see Appendix 1li) for the purpose of achi, ving maximum voltage across the Kerr

ccll with minimum input power.Ft Voltages of 20 kV, peak to peak at
.,o I = afrequencies up to 100 kHz, were

l,i. c@ L, va.I•.I. In,.it.o,) achieved.

The Kerr signal produced by
,o.~.,... this voltage was checked for

-, ,o-.authenticity in the following way.
"100 AD Le, C'.. W L, LZ First, the laser beam was cut off by

Dt a piece of cardboard. The dis-
• a Outa Iappearance of the signal when this

Csul Eq C¢m o was done showed that the Kerr
10 ,H °I signal was not caused by electronic

o..b1.d i --A& pickup or by ground loops in the
Pi" A.t tk [, apparatus. Also, a rotation of the

polarizers by 90 degrees caused the
Kerr signal to invert, as is proper. It
was therefore concluded that the
signal observed was truly a result of

FIGURE 4. ELECTRICAL SCHEMATIC the normal Kerr effect.

4.. . . •



i I
The apparatus was used in the following mnnn~r

U (1) The R-L-C circuit parameters were set for a resonant frequency in the range required,

(2) The signal generator was tuned to the resonant frequency by maximizing the voltage across theI *Kerr cell, which was set to the level required.

(3) The signal was then observed on the lock-in amplifier. (This signal was at twice the original
frequency because the Kerr effect signal is proportional to sin 2

9. See Appendix-lfor an analysis
of the amplitude of the Kerr signal at the doubled frequency.)

(4) The phase measurements were performed by finding the phase at which the reference signal
from the lock-in amplifier and the input signal (Kerr signal) were 90 degrees out of phase, I.e.,
the null point. The null point was verifled for weak signals by finding the point at which
blocking the laser beam caused no shift in the meter deflection. A further check on the null was
made, in some cases, by disconnecting the Kerr cell leads and operating the system as if it were
connected. This procedure determines the extent of electrical pickup, for which the data can
then be corrected. The data, therefore, contain no error due to electrical pickup.

(5) The amplitude of the Kerr signal war measured by changing the reference phase with respect to
the input phase by 90 degrees and noting the deflection of the lock-in meter. The measured
Kerr signal was the difference between the in-phase deflection and the null deflection, thus
canceling pickup deflections.

(6) The procedure was repeated at each frequency until the pertinent range was covered.

(7) The procedure was repeated with the nitrobenzene Kerr cell in place to provide data for
canceling apparatus phase shifts and amplitude changes as a function of frequency.

2. Results

The experiments performed so far have had several purposes. In the first experiments, poly-
y,-benxyl-ý-glutamate (PBLG) was used to check out the equipment and methods, PBLG is a polypeptide
which can exist in the form of an *-helix, leading to a vector addition of monomer dipole moments and a
large total electric dipole moment. Its high molecular weight (between 200,000 and 400,000 for our

sample) and large dipole moment make this compound an ideal one on which to test the method. The phase
and amplitude curves were obtained by comparison with similar curvos for nitrobenzene. This normaliza-
tion was made necessary because of phase and gain changes in the eiectronic equipment with changes in
frequency. In this normalization procedure, nitrobenzene was made the reference matf.rial, assuming that
no phase shift or amplitude change should have been observed for this compound. Thus, the raw data for
PBLG were treated in the following ways:

(1) At a given frequency, the measured phase shift of the nitrobenzene was subtracted from the
PBLG phase shift to give the relative phase shift between tha two rompounds. Equipment phase
shifts are thus subtracted out.

* (2) The anmplitude of the PBLG signal at each frequency was scaled up by the ratio of the ampli-
tude of the nitrobenzene at the lowest frequency used to that at the frequency in question,
Thih essentially returns the gain to that of the lowest frequency measured.

Figure ý showvs the normalized curve obtained for PBLG. Our sample was found to have its 90-degree
phase point (approximately the critical frequency) at about 1500 Hz.

The next set of experiments was performed on compounds of interest to the Air Force And were
supplied by them. One was an oil additive used to improve viscosity-temperature properties, known as



,___ ___,____ Acrylol•d H-F-866. Its molecular
ue. I- W A M weight is of the order of IO. The 3
ITS.- L5 ! V A= experiment was performtOd •n show

- fthe feasibility of further experi.
.. ., / ments designed to measure geom.

"I Is ' etry changes in the Aciyloid withI. temperature variations, and thus
develop a method of evaluating the
effectiveness of other additives of

7 this nature. The preliminary experi.
ments were successful, showing a

Wcritical frequency for this com-
pound of approximately 1900 Hz,
The normalized data are given in•o. iJ • _ _ 4 0v aCMS111=240MMW Figure 6.

e.6 1.0 1.0 1. 4. 0 - 1 Fre4uencY (kHz) Additional time and equip-

ment will be necessary to measure
FIGURE 5, POLY--BENZYL-GLUTAMATE this critical frequency as a function

KERR RESPONSE CURVE of temperature and, hence, measure

the geometry change in the mole-
Scule. Incidental information gathered

from this experiment includes the fact
Ph* so V" that the Acryloid has a permanent dipole

moment as indicated by the phase curve
1804 . going io 180 degrees,
160, Another compound studied in this

phase was an ester known as S-9, used as
140' a base stock for synthetic lubricants. This
120' X compound has a molecular weight of

10' 10about 555, which makes the data
0 1 on Ken Call obtained from it (shown in Figure 7) very•0I ":0"

90" difficult to understand. The critical fre-
hn" .quency for this sample was measured to
70• be about 1000 Hz-very low for a mole-
60" cule of this size. A gross estimate of its
so, NORMALIZED A-HF 866 expected critical frequency gave !00
,40: MHz. Accordingly, the measurements on

zo.- S-9 were repeated, and the data were
"1o, found to be in error. These measurements

0. _showed no phase shift with respect to
2 3 4 nitrobenzene for ester S-9 in the fre-

Frequency (kHz) quency region studied (1 kH-z. 100 kHz).

The data first obtained are presumed to
be caused by small amounts of poly-

FIGURE 6. ACRYLOID Hr-866 KERR RESPONSE CURVE peptide remaining from previous tests.

Experiments on a similar ester, known as S.7, show the expected response. The data are not reported,
because no phase shift or amplitude change with respect to nitrobenzene was measured. This is the proper
behavior for a compound with a very high critical frequency. These data lend support to the impurity
explanation of the S-9 data, since S-7 and S-9 are very similar in molecular structure.

The final series of experiments was performed to show the f.asibility of analyzing mixtures using the
phase method. In this work, the ester S-9 and Acryloid HF-866 were mixed to give approximately equal

6
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contributions to the Kerr response curve (Fig. phae (0))

uic 8). 11e response curve of the mixture was
measured and the phase curve was analyzed s1o-
Saccording to the equations 1700 -

160I- ]gSoo-

Or fA OA + fEOE (3) 140-- ,.,/ VON$On13o° - Kar ,.Call
and If,(4) 0- o-

Hence, Or, OA, and O•E are the .phase shifts 9oo- ; , On

observed for the mixture, pure Acryloid, and goo

"pure" ester, respectively; fA and f5g are the 000
unknown fractions of Acrylold and ester. These so* .
equations apply and were solved for each fre- 400

quency. The equations can be combined to -0 0 24

yield

fE MO#T - OA () ,Soo 1 2 3 4 s

OE - OA Frequency (kHz)

Frequenlcy vs Phase
and

f OT - E (6)
4

fAEOA, -05,

FIGURE 7. ESTER S-9 KERR RESPONSE CURVE

The sample calculations for the ester-
Acyloid mixture are given in Table 1, showing
a quite reasonable analysis. The data agree well ...

enough to show that the method works, yet -- -
point out the need for more accurate phase
measurements. This analysis and the numerical
method are examined in more detail in Sec-
tion IV. I

TABLE I. ANALYSIS OF MIXTURE
RESPONSE CURVES

f Or E *OA 1A fE
(Hz) (dog) (dog) (dog) M() (M)

930 120 152.5 95 43.5 56.5
1150 130 170 100 42.8 57.2
1650 150 175 120 54.5 45.5
2200 162.5 180 150 41.6 58.4 FIGURE 8. MIXTURE KERR RESPONSE CURVES

- -(Un-Nornalized)
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SECTION IVIi,
THEORETICAL MIXTURE ANALYSIS

A digital computer programn for the soludon of the general equations derived in Appendix IV has

been written and used to calculate the Kerr response curves for multicomponent systems. The program
requires zs input data the number of constituents, their contribution to the D. C. Kerr constant, their
relaxation times, and a defined frequency range. The Fortran IV version of this program is given in
Appendix V. The results that have been obtained thus far are shown in Figures 9 through 21. In these
figures, the curve labeled "Amplitude" is B(w). that labeled "Derivative" is dl(w)/dw, that labeled "Phase"
is 6(w), and "Intensity"is1(w.). The maximum magnitude that these variables have in any figure is given in
parentheses after the label. This number thus defines the scale factor. The experimental obsorvables arel(w)
dl()/dw, and 6(w). See Appendix VII for the equations for these quantities and their derivations. For
convenience, Table II shows the input data for Figures 9 through 21.

The first three cases are single.component systems, included for the purpose of testing the simple
additivity rules. The next three cases are two-component systems under molderate frequency resolution, and
the last four are three-component systems under poor resolution conditions. The last case Is a synthesis of

the Acryloid HF-866 -Ester S.9 mixture experimental curves, based on measured relaxation times in the
separated systems.

TABLE IIL SUMMARY OF PARAMETERS USED
TO GENERATE FIGURES 9 THROUGH 21

Figure Constituents D.C. Kerr Effect Relaxation Frequency Range
Contrbution Times (sec) (radians/sec)

9 1 1.0 8.001 0-13000

10 1 1.0 0,0003 0-13000

I I 1 1.0 0.0001 0-13000

12 2 0.5 0.001 0-13000
0.5 0.0001 0-13000

13 2 0.2 0.001 0-13000
0.8 0.0001

14 2 0.8 0.001 0-13000
0.2 0.0001

is 3 0.333 0.001 0--13000
0.333 0.0003
0.333 0.0001

16 3 0.2 0.001 0-13000
0.2 0.0003
0.6 0.0001

17 3 0.6 0.001 0-13000
0.2 0.0003
0.2 0.0001

18 3 0.2 0.001 0-13000
0.6 0.0003
0.2 0.0001

19 1 1.0 0.0005S 0-9000

20 I 1.0 0.00093 0-9000

21 2 0.5 0.00055 0-9000
0.5 10.00093

8
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Ii Theme curve! have becmt gcnc-ratcd to find (1) uIlic value of the differential spectrometer, (2) thc
methods of obtaininig the concentration data, and (3) the concentration and frequency resolution possible
under different conditions. From a study of the two..oniponent cnrves, it can be seen that the differential
method offers a real advantage when the low frequency component is the low concentration one (Figure
13), However, in the opposite case (Figure 14), the phase ineasure:nent seems to be the best analytical
method. Basically, this reversal of character occurs because the dispersion region widens as frequency
Increases, thus lowaring dI/dw. Thercl'ore. as it is now conceived, the derivative method appears most useful
when the lower concentration component is i iliae low frequency region.

In general, the concentration data should bc obtained by analyzing the experimental data in terms of
the equations of Appendix IV. Various methods of using nonlinear least squares fits and varying the test
parameters have been used in this type of analysis. One in particular, Levenberg's method, has been used by
the author to obtain the best fit and statistical data from electron spin resonance saturation curves with
excellent results. However. it would be more appropriate to be able to obtain at least approximate concen-
tratlon data from the curves theniselves without resorting to computer analysis. To this end, the errors
involved in the phase additivity and amplitude additivity methods have been estimated. The numbers from
the single.component systems of appropriate relaxation times were multiplied by the concentrations used in
the complete synthesis curve, added, and compared wit Ii the complete curve. The phase additivity method
is governed by the equation

where is the fraction of the 1ih component in the system. 01 is the phase shift of that component by

itself, and OT is the total phase shift of the mixture. Similarly, the amplitude additivity method is defined
by the equation

where B•(w) is the magnitude of the Kerr constant of the iit" component at any particular frequency, f.f is
the fraction of the it" component in the system, and B,l.(W) is the total Kerr constant.

TABLE III. SIMPLE ADDITIVITY RULES FOR MODERATE FREQUENCY RESOLUTION
,f( I 0.001 %'sec T(2) 0.0001 sec

Frequency 0.8 X Phase (1) 0.2 X Phase (2) Sum Exact 0.8 X Amp (1) 0.2 X Amp (2) Sum Exact

0 0 0 0 0 0,4 0.1 0.5 0.5
34 0.422 0.011 0.433 0.429 0.37 0.1 0.47 0.46
69 0.788 0.022 0.810 0.781 0.306 0.1 0,41 0.38

103 1.08 0.032 1.11 1.03 0.24 0.099 0,34 0.29
172 1.47.5 0.054 1.529 1.24 0.14 0.098 0.24 0.17

241 1.72 0.075 1.79 1.21 0.008 0.096 0.18 0.12
310 1.87 0.095 1.96 I1.t 0.059 0.094 0.15 0.10
379 1.98 0.115 2.09 1.04 0.042 0.091 0.13 0.088
448 2.06 0.135 2.19 1.03 0.0304 0.088 0.12 0.084
517 2.11 0.155 2.26 1.05 0.0236 0.085 0.11 0.082"1;86 2.16 0.17 2.33 1.09 0.0186 0.082 0.10 0.079
(155 2.20 0.188 2.39 1.14 0.0151 0.078 0.093 0.077
1493 2.25 0.22 2.47 1.25 0.0124 0.075 0.087 0.074
931 2.29 0.25 2.54 1.37 0.0075 0.064 0.071 0.0651069 2.31 0.276 2.59 1.48 0.0058 0.358 0.063 0 059

1207 2.34 0.30 2.64 1.58 0.0045 0.052 0.056 0.053
1345 2.36 0.32 2.68 1.68 0.0037 0.047 0.051 0.048

1483 2.37 0.34 2.71 1.77 0.0030 0.042 0.045 0.043
1621 2.38 0.357 2.74 1.84 0.0026 0.038 0.040 0.039
1759 2.39 0.37 2.76 1.91 0.0022 0.034 0.036 0.036
1897 2.40 0.38 2.78 1.98 0.0019 0.031 0.033 0.032

2034 2.41 0.40t 2.81 2.04 0.0016 0.038 0.030 0.029
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described by the phase additivity rule except at small angles (i.e., both 61 and 62<30 degrees), but is
adequately described by the amplitude additivity rules at both low and high frequencies. In the inter-

lediaie range. the cancefing phase shift of the iow frequency component causes the exact answer to be
significantly less tha ',he simple sum. However, at low frequencies, both signals are approximately in phase
and hen,-e add algebraicafly. Also, at high frequencies, the low frequency (,r =' 0.001 sec) component's
amplitude is near zero, so that the only remaining amplitude contribution is from the high frequency (7
0.0001 sac) comnponent. This state of affairs is expected to be true for many component systems In which

no relaxation time is nearer than a factor of ten to the others. Thus, under these resolution conditions, the
simple amplitude additivity rules are expected to hold when fihe data are taken in low dispersion regions.

The data in Table IV show that the phase additivity rule is valid at least for two-component systems
in which the relaxation times differ by less than a factor of two (71 - 0.00055 sec, r2 = 0.00093 sec). The
error at any frequency was 5 percent or less, even in regions of high dispersion. The data in Table IV also
show that the amplitude additivity rules are approximately obeyed throughout the dispersion region. Thus,
either simple method may be used with the noted reliability when the resolution Is poor.

The limiting factors affecting the concentration analysis are (1) accuracy of the experimental data,
(2) frequency resolution of the zomponent critical frequencies, and (3) the basis of the analysis. In this
section, the inaccuracy in the experimental data has been neglected completely. Also, the limits in obtain.
ing concentration data under the various resolution conditions have not been fully explored.

TABLE IV. SIMPLE ADDITIVITY RULES FOR POOR
FREQUENCY RESOLUTION

t( ) -0..055 see r(2) = 0.00093 sec

Frequency 0.5 X Phase (1) 0.5 X Phase (2) Sum Exact % Error (max)

0 0 0 0 0 --
48 0.203 0.334 0,537 0.532 1
95 0.389 0.603 0.992 0.966 2.5

143 p 0.549 0,798 1.347 1.296 4
191 0.682 0.936 1,618 1.548 5
239 0.790 1.037 1.827 1.748 5
286 0.879 1.1 V) 1.991 1.908 5
334 0.952 1,169 2.121 2.038 5
382 1.013 1.215 2.228 2.146 4
430 1.064 1.252 2.316 2.236 4
477 1.106 1,281 2.387 2.313 4
525 1.143 1.306 2.449 2.378 3.5
573 1,174 1,328 2.502 2.434 3
621 1,202 1.346 2,548 2.483 2.5
668 1.226 1.361 2.587 2.526 2.5
716 1.247 1.374 2.621 2.564 2.5

Frequency 0.5 X Amp (1) 0.5 X Amp (2) Sum Exact % Error (max)

0 0.250 0.250 0.500 0.500 -
48 0.239 0.222 0.461 0.458 1
95 0.212 0.167 0.379 0.372 2.5

143 0.179 0.119 0.298 0.290 3
191 0.148 0.0856 0.234 0.227 3.5
239 0.121 0,0628 0.184 0.179 3
286 0.0992 0.0474 0.147 0.143 3
334 0.0818 0.0368 0.119 0.116 3
382 0.0680 0,0292 0.0972 0.0956 2430 0.0371 0.0237 0.080 0.0797 1.5
477 0.0)485 0.0196 0.0681 0.0673 1.5
525 0.0416 0.0164 0.0580 0.0574 1,5
573 0.0359 0.0139 0.0498 0.0495 1
621 0.0313 0.0120 0.0433 0.0430 1
668 0.0275 0.0104 0.0379 0.0377 1
716 0.0243 0.0091 0.0334 0.0333 1
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SECTION V

V - SUMMARY

It has been shown experimentally that the time lag or phase shift in the Kerr signal can he used to
characterize certain molecules and also to analyze a particular two.component mixture of compounds. It
has also been shown by numerical solution of the Kerr response curve for mixtures that the simple phase
addltivity rule breaks down when the relaxation times differ by a factor of 10, but hold for times differing
by less than a factor of 2. The amplitude additivity holds in both cases if applied at the proper frequencies,
Also, the calculated intensities and derivative spectra that were obtained under different concentration and
frequency resolution conditions are presented for qualitative evaluation.

The primary requirement for the applicability of the method is that the comnpounds under study
have either a permanent dipole moment or an anisotropic polarizability tensor. If either a1 these conditions
is satisfied, the compound can be oriented by the electric field. In general, any compound that consists of
different atoms which are not arranged symmetrically will have a permanent dipole moment. Also, any
compound with less than cubic symmetry will have an anisotropic polarizability. Thus, in principle, the
method is very general- the only exceptions being very symmetrical compounds l.ke methane.

In practice, the method is limited by the high frequencies required to measure the critical frequencies
of low molecular weight compounds and by the attainable electric fields. THe present work has not reached

F the limit on either frequency or electric field. In order to facilitate the extension to higher frequency, aS~spectrometer has been designed which eliminates the need for high frequency detection electronic equip-

ment, This spectrometer (shown in Appendix VI) uses a modulation technique to allow phase detection at a
constant audio frequency while scanning the driving fiequency through the range of the power amplifier.
This scheme has the advantage of considerably reducing the difficulties involved in high frequency measure.Jtents. Preliminary tests of this concept are under way.

In the future, a temperature variation capability should be built into the apparatus. This would allow
study of the geometry changes in the Acryloid HF-866 and other viscosity stabilizers as a function of
temperature. Because temperaturr, enters into the expression for the rotational diffusion constant, thisfi • capability would also allow manipulation of the critical frequencies. A compound that is outside the

frequency range of the histrument could be brought in by lowering the sample temperature.

Experimentally, the resonance method which has been used in this work can be extended to much
higher frequencies. The general requirement is that power oscillators be available at the frequency range
required. The amount of power available from the oscillator, the frequency, and the quality of the coin-
ponents used then determines the electric field strengths involved and hence the Kerr signal amplitude. The
only major difficulty in extending the frequency range of the current apparatus is the lack of high
frequency phase lock in amplifier equipment.

Finally, our conclusions are that the different Kerr response curves of different molecules can in
principle be used to analyze a chemical mixture. Aside from sensitivity considerations, the most important
factors in any particular mixture are the relative relaxation times of the components and their relative zero
frequency Kerr constants.

For instance, a compound such as the poly-.vbenzyl-k-glutamate can be measured at low frequencies
but will not interfere with high frequency measurements of other species. The practical rule of thumb for
observing obvious breaks in the Kerr response curve appears to be that the relaxation times differ by at least
a factor of 10. Cases in which the ratio of relaxation times is less than 10 require numerical analysis of the
mixture response curve by using control curves from the independent components. Obviously, such a

procedure assumes that the components do not alter each other's response curves and hence the absence of
any appreciable molecular Interaction between components.
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APPENDIXI I3

S!iNAL SHAPE ANALYSIS

The eptical phase difference between components of the polarization vector parallel to and per-
pendicular to the electric field is given by

6 = 2•/Q" 3  (i)

where j is the Kerr constant, Q the path length, ond F the electric field strength. The amount of light passed
by the analyzer is given by

I= 1/ sin' (8/2) (2)

when the polarizer and analyzer are crossed.

Substituting ( I) into (2), the result is

I = 1, sin, (srjpF2 ) (3)

Using a trigonometric identity, the intensity is

-- "I - cos (2'rj•F')j (4)2

If

F F,, sin wt (5)

then

I I "[ - cos (2k sin•W t)) (6)

Expanding sin 'wt, then

Expanding (7), the intensity becomes

1=-' 1 -o [
2 I -- cos k cos (k cos 2(.ot)- sin k sin (k cos 2wt)] (E)

Using I
Cos (r cos 0) = Jo(r) + 2 L-- InJ(r) cos (nO)

n even,
positive I -

sin (r sin)= 2 -- Jn(r)sin(nO)

n odd,
positive
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i F= - cos k IJJ(k) + 2 Z i"Jn(k) cos (n2wit)

L positiveJ n

-sinkJ2 Z (10)

positive

However, if the quantity measured is the component of / at frequency 2w, the only surviving term is

12,= Iosin(k)Jj(k)cos2wt

Using (5) to expand k, the result is

.,,= 1, sin (irj9P,) J, (nrJ9Y') cos 2wt (12)

Table V lists values of 6, sin 6, J1 (b), and sin (8) X J1 (6) for the range of interest, The magnitude of) 2 1 is

proportional to the product sin (8) X J,(S), so that the last column in Table II gives the normalized

amplitude (12,tI/1) of the component at frequency 2w. The maximum In this amplitude occurs at 1.7

radians, somewhat greater than the 90-degree point at 1.57 radians. The amplitude increases rapidly up to
about 1.2 radians and any increase in 8 over 1.2 is of questionable value.

It should be pointed out that this analysis assumes a particular Kerr constant at any given frequency.

That is, the analysis here is strictly to show the dependence of the amplitude of the 2w signal on the

various experimental parameters at any particular frequency. For the frequency dependence of the Kerr
constant and phase shift, refer to Benoit's paper in Appendix VII.

TABLE V, MODULATION PARAMETERS

t6 (radians) sin 6 J1 (•, si0t 6 X J, (8)

0.0 0.0 0.0000 0.000
0.1 0.0998 0.0499 0.0050
"0.2 0.1987 0.0995 0.0198
0.3 0.2955 0.1483 0.0438
0.4 0.3894 0,1960 0.0763
0.5 0.4794 0.2433 0.1166
0.6 0.5646 0.2r"67 0.1619
0,7 0.6442 0.3290 0.2119
0.8 0.7174 0.3688 0.2646
0.9 0.7833 0.4059 0.3179
1.0 0.8415 0.4401 0.3703
1.1 0,8912 0.4709 0.4197
1.2 0,9320 0.4983 0,4644
1.3 0.9636 0,5220 0.5030
1.4 0.9854 0.5419 0.5340
1.5 0.9927 0.5579 0.5538
1.57 1.0000 0.5663 0.5663
1.6 0.9996 0,5699 0.5697
1.7 0.9917 0.5778 0.5730
1.8 0.9738 0.5815 0.5663
1.9 0.9463 0.5812 0.5500
2.0 0.9093 0.5767 0.5244
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V

APPENDIX :1

THEORETICAL BASIS OF TIME LAGS'

* l The theory for the dependence of the Ke;r constant on the frequency of the appie•d electric field has
bhcn summarized by H. Benoit. Using the laws of Brownian motion and changing parameters according to
tie mechanism, he arrives at diffcrent results for the two orientation mechanisms. The orientation by a

• permanent moment leads to the result
/ I cos (2w~t - 62)

where An is the observed difference in indices of refraction, Ano for d.c. voltages, r = 1/(3D), D being the
rotational diffusion constant, and

5wr
tan 6 2 = -3 (2)

For the case of orientation by an induced moment, the corresponding equation is

r [ cos(2wt-)] (3), ~An=Ano 1+ V•lo•"

with

tan 6, W (4)

In the case of the permanent moment orientation, the magnitude of the Kerr constant goes to zero as the
frequency of the electric field increases, with the phase lig of the observed signal going to 180 degrees in
the limit. By contrast, the induced moment Kerr constant goes to half the d.c. value and the phase lag goes
to 90 degrees at high frequencies. The critical frequency in the permanent moment case is determined by
finding the point at which the signal is shifted by 90 degrees and solving the equation for tan 62 = o. This
leads to the equation

[For the case of an induced moment, the point at which the signal is shifted by 45 degrees is given by

D = 3 (6)
3

the rotational diffusion time is given by Soeckel. et al.,* as
kTDý 7 (log L--1lo•0.8 R) (7)

where L is the length of the molecule, R is the cross section dimension, and i? is the viscosity of the solvent,

*Boeckc , G Genziing. J.. Weill. G.. and Benoit, H., J. Chiin Phys, 59, 1962, 999.
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APP-Nl'il III

EXPERIMENTAL CONSIDERATIONSV
Figure 22 shows the electrical analogy of the Kerr system. The capacitor K in Figure 22 represents

the Kerr cell: its capacitance is approximately 100 pf. This capacitance K may be neglected in the linear
analysis. since it is in parallel witi- a much larger capacitor and thus contributes little to the total capaci-
tance of the circuit. In other words, K acts as an open cir,.uit at low frequencies.

The inductor I1. (decoupling transformer) in Figure 22 acts as a short circuit below 3 kHz and the
capacitor ('I is chosen to act as a short above 3 kHz so that these two components have little effect on the
operation of the circuit shown in Figure 22.

R - 60n

L IIH Variable R RL÷ RAC

L

Ve V2 sinw K" 100 pf CL IE .00 g i

C,2 Li T 4
S• | T 0. OZ LtLI•

-I
II

FIGURE 22. ELECTRICAL ANALOGY OFnIlE KERR SYSTEM FIGURE 23. A SIMPLE
R-L-C CIRCUIT

The electrical circuit tinder these assumptions can be represented as a simple R-L-C circuit as shown
in Figure 23,

In Figure 23, R represents the real and a.c. resistance basically in the inductor L.. The total resistance
R is approximately 60 ohms at low frequencies. The simple RIL-C circuit in Figure 23 can be tuned for
resonance by varying the inductor L which is an Il-henry variable inductor. In the R-L-C circuit of Figure
23, use Is made of series resonance to produce the large driving voltages thut are necessary for laser intenmity
modulation in the Kerr cell.

The loop equation for the circuit in Figure 23, assuming zero initial conditions, is

L - +R +--r dt=d (i)

The complementary function, or the transient part of the current in Equation (I), Is Independent of
the excitation and can be found from the homogeneous equation in operator notation:

• I

LD2 4- RD + - itr 0  
(2)S~C
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The characteristic equation corresponding to Equation (2) is

,s2 + Rs + - 0 (3)
C

which has two roots:

=, ---- =-+ +b

21, v 21,. LC

i'1

1'1 et l2 ore

it, -A•' 'lI'
t 

+AK2 0.2t (4)

where KI and K2 are two arhitrary constants to be determined fromn two initial conditions when i is
determined.

In solving t'or the transient condition. I hroe different situations are possible depending on the values
oft R, L, and C.

K (Case i)

or R>2 b blsreal

Since a > b, the transient current consists of two exponentially decreasing components with different rates

of decay. This Is called the overdamped case and occurs when the resistance In the circuit of Figure 23 is
large. The exponential function of Equailon (4) with real components can be expressed in terms of
hyperbolic sines and cosines,

c= cosh bt + sinh ht

e' cosh bt - sinh ht

i.is thenl

itr C elt(AI cosh hi + /12 s1nh hi) (o)

where the constants A and/A 2 stand for (K, + .,) and (K, KA)a respectively.

(Case ii)

'11

Under this condition, the vharacturlstic Equation (3) hias a double root, and tlie trniisleit soiH itil

becomnes

itr=(KI +A'2 )e K -St (7)
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The two terms in Equation (7) are n- nosillatory.J

(Case iii)

< R't< 2 1).siagi

C 1

Now = al(K1 1CJIt + K2e fit) (9)f

cýO os (it + j Sill Of (9)

eC0 Cos (it / sill Ofi (0M

Substituting Equations ((A a~id (10) into Equat''n (8) gives

it x- cos fit +/A %inl fit) H II

Equation (11) is the case of the transient current inl the Kerr resonant circuit in which R < __

where C is approximately 10- 9 FandL is avariabic I I -henry inductor. This case is called tile underdatrped
case and occurs when the resistance in the circuit is small.

The steady-state solution canl be determined fromt Equation (I) when v, = V, sit' wt.

The impedance concept is simplest to use when. anr applied voltage is sinusoidal. The imipedance of a
series RiL-C Circuit to a current of anguhn frequency w is

Z =R + J~L + -= lZle'/z (12)

where

RI R2 + wt(1,

an

cwL-

0, tal - I ---- (14)
R

The stcady-state current, then, is

Vý
=Sinl (wt - '

sill wt til - /(S
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Tire total current i is the sun of i5, in Equation ( I ) and i,, in Equation (I)):

= j11 + (16)

i=C'tl (A o cosf +A2 cos Of) + sin(t 0) (17)

"To solve n 1(4r the consta:,4 A, and A 2, the initial conditions of the circuit in Figure 23 must be

known. hI the Kerr system, i10 oand q(O)=.therefore. from Equation (17) at I Ot

0 --A, L -sin 0,
IZI

• ,1= I•sil 02 (18)

Sill 0

Kiowing that q (dudl,) A 2 calt be solved for by differentiating Equation (17) and letting (di/dt)

equal zero since

di
q(0) --(0) 0

di V,
L - sill Wt

dt L

and at = 0

- sin 0 p (19)

dt L

Differentiating Equation (18) gives:

di e At(A 0sin f + OA 2 cosOrt)
dt

-- (A cos t+A 2 sin Ot)ae*at

$
"+ L" o Cs (Wt- 0,) (20)

(ZI

Substituting Equation (19) into Equation (20) at t = 0 gives

0 -- A-. + V-- w cos 0,(21)

Replacing A, with Equation (18) in Equation (21) gives

0=13A 2  a- Lsin O +V-, cos0 2IZ I lIl

_V

A 2 - (a sill 0, - WCOS 0) (22)
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Replacing AI and A 2 in Equation (17) with their equalities gives the complete equation for the total
C- ur;er, in, dih .,,uit ,Zf F.-- ii, '

!L9V 0' [S- I 02 Oeo, it +Sl r + Sill(Wt 0') (23)

. - L

By knowing the appropriate values of the components in the R.L-C circuit of Figure 23, one can
determine the current and voltage as a function of time by using Equation (23). The transient current will
become more important at high frequencies when the circuit in Figure 23 is pulsed with a high voltage
spike.

The magnitude of the steady-state current in a series R-L-C circuit with respect to frequency is

V,f is55 I R(24)

,I 2+ W1, -I

It caan be seen that I isl is maximum at an angular frequency wR where

WRL --... 0
W0 RC

or

cWR (25)

In terms of frequency,

wR I21r 2• 2i;TL (26,)

In Equation (26), fR is denoted as the |esonant frequency. The maximum value of I i.,l can he
denoted by 1m Then, at resonance,

IzI = R I

0, = 0I (27)

ZIR

In Figure 24, typical curves for normalized curient magnitude are plotted, I i,,s1l for two values of
R. The f.,agnitude of the steady-state current decreases as frequency of the applied voltage deviates from
the resonant frequency, but the rate of decrease is slower for a zircuit with a higher resistance.

The concept of continuous driving of an L-C tuned circuit has proven to be a useful one in the
experimental work to date. Voltages in excess of the breakdown voltage of the inductors have been
achieved from a 75-w oscillator. When extensions of the concept are considered, it becomes apparent that
the situation does not deteriorate until frequencies of over I MHz are considered. For instance, at 1 MHz, a
Q of approximately 100 can be obtained with relative ease. Also, an inductor of 3 mH will resonate with a
S "0-pF capacitor, leading to a resistance of !80 ohms. For a I 0-w oscillator, the current will be 3000 v. Our
cell separation is 3mm, giving 10,000 v/cm as the field strength across the cell. The pertinent equations are:
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RI//%
R1 < Ri • V= V+Vc + V, (28) + V

V=1 R+IwL + -

I At frequencies over I MHz, the power requirements
for continuous driving become too stringent. At 10

[HGLIRF 24. RE-SONANCE" CURRENTCUIRVES MHz, a 10-w oscillator driving a 30.-AH, IO-pF tank

FOR A SERIE-,S R-L-CCIRCU/IT circuit, would yield only 3600 v/cm. This difficulty
may be alleviated by using a triggered thyratron to
increase the peak power into the circuit. The

thyratron would be triggered to put its power into the circuit in a very short time (less than 0.2 cycle), but
would do this at a low frequency. If the thyratron delivered an average power of 10 w but did this in equal
plses (at IOU pulses/see) which were V cycle wide at 10 MHz, the peak power into the circuit would be
107 W.

The peak power during ihe pulse may be cut down by increasing the repetition rate so that the

power/pulse goes down, This can be done, if necessary, to avoid breakdown from very high peak voltages.
The mathematical analysis of the signal waveform resulting from a pulsed system like this becomes veryotplaed"

complicated.apusdsse lievr
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APPENDIX IV

DERIVATION OF THE MIXTURE EQUATIONS

The basis of tile analysis is that the separate components of tihe mixture do not interact significantly
with each other. That is, each component is assumed to move independently of the others. This is u reason-
able assumption for materials which do not firm intermolecular hydrogen bonds, charge transfer complexes,
etc.

Under this assumption, we may write*

An(co) = EcAni(wo) (1)

where An(w) is tile total Kerr constant (written as the difference in indices of refraction), ci is the concen-
tration of the ith component, and An(cw) is the Kerr constant of the ith component.

At w = 0, Equation (I) becomes

an(0) =ZctAnt(O) (2)

iiwhere

Wil(w) = An 1(0)fo(w) (3)

Equation (3) is from Benoit's paper, with fj(o) being given for molecules with a permanent electric dipole
moment as

I cos (2wt - 86)

2(1 + 29 2 i*/4)+ " + Ti--9--7•/4
(4)

S5wri
8=tan 2t ta-t2 -- 3wo r1

We can then form

)ZctAn( O )(w)In(co) i
An(o)= j:cjAnj(o) )

which will give the normalized Kerr constant as a function of frequency. If we use the trigonometric identity
cos (x - y) - cos x cos y + sin x sin y in Equation (4) and insert Equation (4) in Equation (5), we get

An(w )f ' An .. j I cos 81 cos 2ct
; ~ ~~~-An()-•T ' [ 2(l + 90arj214} 2,/I + Nor /I" + 90712r/4 '

sin 51 sin 2wt
2V,/ + .. +.T 214 J cgAnt(O) (6)

If Equation (6) is put into the form:

*In terms of the Kerr constant of Appendix I, /(w) [An(w)/Xp 2 I.

3
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I

A 4 B cos (2wor-a) (7) 'U

then

A(w) cl~i(l 9JT/)] cji~ný() (8)A~)= (I + 9W 2rj2/4)

BM 1An1•. (O) COS 51 -' 12

+Fz nt(0) Sill 81 2 / cA 1 O 9

j21r +w 2..Il9WIT14]

and

K' cA1,4n/) Sill a1___ CI n~(0) COS a,
15(w) tanll-IO

WI,= a~~ %V 7.1 %/1 + 9W ~Ij [ 2 ~ / /4 2,41 Vi 9.,,22/4 (10)

Beginning with the basic equation,

1/-Io sin2 6/2 (i1)

and the relation for optical phase difference,

a= -6A0 (12)

and substituting (7) into (12) and then (12) into (I I ), we have

1 i/, Sin�2  ... ~A.. + B los (2w.t 6 (13)

To Simplify notation, we let

A' -A and B' - (BX x

Using sin 2 x = (l1 2 cs 2x) and then Cos (x +y) = cosx cosy - sin x sin y, we have

cus (A) cos [B' cos(2.o - 6)] + sin (A')sin [B' cos (2wt - ) (14)
2{B

Using identity (9) hi Appendix i, the relationship becomes

/= I cos (A')(Jo(B') + 2 7 i0J4(B') cos (n2wt - n-)]

positive

silnl (A)12 Z ill+iJ,(B')cos(n2wt 8)} (15)
?I odd

p ositive
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Selecting the 2w component, the expression is

12 1 , sin kA ')J1(fI') cos (2wr - ) (ito)

The derivative of Equation ( 18) is given by:F

d w 1 2W1 1, s( )J (B ') [4 sin (A ')J ,(B ') -sin A V , (B ')/B Il d ' (17)

where 
1

dA' AX F + 9W ý72 14)2

dw CjAn1(O)

dB' _M1 22A111 (0) /df 1  df2  2- 2_ f-+ f2- (EcL'nI(O)\
dw XB' (fdw dw~ V i

ciAnA(O) cos 8

Co 8(w + 9W2.1r/4) (I + w )jJ'

f2 = X cj~nj(O) sin 61

L4(2 cAni(O) 2 s 58, d8(Ww) si - j,,O)j

4( + 9w',r'/4) (1~ ijJI

and

d61  I I 10ri+ 15w 2Tr2
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APPFP~nIM VJ

~Ij COMPUTER PROGRAM FOR NUMERICAL EVALUATION4
OF MIXTURE EQUAII IONS

PROOPAM MAIN(1NtjiUTOlJTPUT41AfE602INPUT)i

t)IMFNS;ION 1)I6Uw4f,01) PHASE(#'Q0) ,INTENS(6001 .FNEC(6004 ,C(10) sTAUI 101
nIMENSION AMPibOO)
COMMON AMP tPHASL oINTEN54F REQ#Co TAUPDt1flW
PEAL INTENS

1001 cONTINuE

PRINT 99

20Fo MATh1Xo22H-NUM~eR' OV (0NSTITU'ENTSi13924HkELAXATION TIMES (SEC-1

r PRINT 2019(C(I)9I1=1N)
201 FOMMAT(5XI4HCuNqCENTRAT IONS. LOP7.5IJ100 FOPMAT (2X%12v10F1.5)

PEAD 101@WMINeWMAX
PRINT1III WMIN*WMAX

Ill FOPMAT(SX924HFREtOU4NCY RANGE 1S FROM 9F7.UZ2HTOF7.0)
101 FOPMATIIOF7.0)

PM=N
flEL = (WIMAX-WM1IN)/(b(1.*WM)

F R .-0( )= W/ 2*N1 1)

IW 14DEL

1 14.1
NN I
IF' 1W .LE. WMAX) GO 10 1
MNN NNI1

C PRINT IC?. (1.AMP(I1,PHASEg1).INTENS(1lFREO(I4,11,tNN)
C 102 FOIQMAT(?XI2,4L20.5)

CALL KERWPL(NN90.I)
I I REAL) 10osCASPER

1F (F.OF960) 100091001
1000 CONTINUE

SURROLJTINE EQUAI (LLof~,W)
DIMENSION rDt[)W160(1)sPH~ASE(600O)INTENS(600)gfREO(6fl0),C(10)*TAU(IO)
DIMENSION AMP(600)
COMMON AMPPHAsEINTPNS.FREQCqrAUDHOM
PEAL ItJTENS

IF (LL *NF. 1) (it) TO I

SCO2F = 0.

2 SCORE =SCUWE*C(I4

DO 2 11.N

CT 0.
CT 0(.

STP *0.
00 11 I 9

x=5*W*IAu(I)/(2.--3.*W*W*TAUCI)*TAU(II4
nFL ATAN(X)
IF 'OEL *LT. 0.0)3 DEL = EL*3. 14159

p Y = 1,W*W*IAUII)*TAUII)
7= 1-.9,1w0W*TAU(W~TAU(11/4.

DOPELI)W=131.*TAU(1) +15.*W4M*TAU(I4**3)/ (2&-3.

CTP=CTP+(CII)/SIJWT(Y*Z)*(-SIN(O)EL[OUELDW-COS(DEL)*(Y.*W
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9 *TAU(JI*TAUC I /(4..*Z .pi*TAU(Jp*TAJ(JpI/Y) p

S AJ!IP )~*A( TU!/)TP3STP.(CI1)/SU1RT(Y*ZI)[(COS(DEL)*D0ELDW-SINIDELI*(9.t*V*TAU(I)*

DADW *flADW -C11[9.3td(TAU(H;**2)/((2.*Z)0**)
A xA*CI(1)(2.*ZI
CT a CT*CfI)*COSfDEL)/(2.*SQHT(YOZI P

11 ST m STC(1J*SINWLEL)/(2.*SQR1(Y*Z))
ABA/SCORE
D)AD WoDAD W/SCORE

C PRINT l0QLLoX9DELqY#Z*CT9ST9SCORE.(W

1PPa SOR(LL .T. 0.IPHATSCOE(L)PAEL. 3.5
OBOW(LL). (CT*CTP.STOSTP)/(SCORE*SCORE*Bp

PHASEMLLP w ATAN(51'/CT)

IF(PASE(L) T. 0)PHSE4L~wPHSEW)*3-4I5

A 2NMO X(22)59.O(22
F4 aI 3.1. )9 .O

100 FO7)AT913oE0 .5

Y(9)3.8463 2)*(22

Y(11)i.9765
Y(1Z)u.799

YISPa.39604

Y(69Pu.3400
YMM0..1201

Y(P21)u.8039

Y (215).-.!1669

UX(19) u0.340

X(5) m' 0.4
X(2) a 0.1

X(3) a 0.2
X(5) a 0.4

X(9) z0.8
((10)a 09

X(13)=1.2
X (14)a1.3
X(15)21.4
K (16)a1 .5K I ~ (18)x.! .
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I

S~I

Ii~ X (21 r2.0 i
X122)=2.1
tIL=
00 1 1=121l SI CONTINUE

RESSO xY(IL)*iYiIL*I)-Y(IL))*(Z-XIIL))/(XIIL4I)-X(IL))

RETURN
END

FUNCTION BESSIQZ)
DIMENSION X(22)tY(22)
IF(Z .EQO 0000O TO 10
GO TO 11

10 BESS] a .5
00 TO 12

"11 CONTINUE
Y(1) z 0.
Y(2) a .005SY(3) z .0198
YW. a .0438

Y45) 2 .0763
Y46) x .1166
Y (7) z .1619m

•y is( ) .2119

Y(9) = .2646
Y(10) .3179
Y(|I) .*3703Y 012) .4197

Y(13) .4644

Y(14) •.5030
Y(15) .5340
Y(16) .5538
Y(l?) a .5663
Y(18) * .5697
Y(19) a .5730
Y(20) a .5663
Y(21) a .5500
Y(221 u .5244
X(1) = 0.0
x(2) = .1
X43) a .2
X(4) = .3
X(5) = .4
X46) x .5
x(7) = .6
X(9) = .7

X(10) a .9
X(101 = 1.

X(14) = 1.3
X(15) = 1.4

x(16) = 1.5
X(17) = 1.57
X(18) a 1.6
K(19) x 1.7
X120) z 1.8
X(21) a 1.9X422) z 2.0
IL = I
no 1 1II21

37.
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I CONTINUE

12 CONTINUE
RET URN
END
SUHROUTINE KERRPL4IMAX#KKvNN)

C THAX IS NOl. OF INPUT POINTSqKKO0 PRINTS VARIABLESINAX/NN IS NO. OF PUINT
C % PLOTTED.

DIMENSION 080W4600) ,PHASEC600O1INTENS(600) ,FREO(600) ,C(10)TAU(I0)
DIMENSION AMP1600)
COMMON AMPPHASEINTENSiFREQCTAU*DBDW
DIMENSION LINE(11)

OATA(MLANK=IH ).(DOTxIH.d,(STARuIH*),(XPTUIHXho(YPTE1H-!.(ZPTU1N0)
REAL INTENS
INTEGER BLANK9DOToSTAR9XPToYPTZPT
IF (IMAX) 29192

f~l I IMAX a 50
2 CONTINUE

IF (KK) 10911910
11 PRINT 100

100 FORMAT( 1N1,2OX,'9HAMPL ITUDE,11X,1ONLIERIVATIVEIOX,5HPHASEISA,
9 9HINTENSITYo 1 1A9HFREOUENCY)

PRINT 101. (I.AMP(H ,DBDW(I) ,PIASE4I).INTENS( I~,FREQ4I) ,IzlIMAX#

101 FORMAT(1H 95XsI~vSE20.5)
10 F'HMAX mANiS(PHASE(l))

AMPMAX = AS(AMP(1))
II RNTMAX 2ASS(INTENS4Ifl

DBOMAzABAS(DUIDW(l))
DO 3 I-2vIMAX
IFIOBOMAX *LT. ANS(DNDW(I)1IOBDMAX-ABS(UBOW(II))
IF(AMPMAX *LT. ABS(AMP(I)))AMPMAX 3ASS(AMP41I))
IF (PIIMAX *LI. ASS(PHASE(I)flPHMAX ABS(PI4ASEI)1
IF IRNTMAX oLT. ABS(INTENS(I)IRNTMAX a ABS(INTENS(I)

3 CONTINUE
PRINT 107

107 FORP4AT(IH19,IX1X7HMAXIMUM AMPLITUOE93X*1BHMAXIMUM DERIVATIVEoV 9 MX13HMAXIMUM PHASE97Xv17HMAXIMUM INTENSITY)
* PRINT I029AMPMAA.D8OMAXiPHMAX9RNTMAX

102 FORMAT(IIXs4E20.6)
* DO 7 J=11115

7 L.TNE() xDOT
PRINT 103*LINE

103 FORMAT(IHl09115A11
DO 20 J.1.115

* 20 I INE(J) z BLANK
DO 6 I 191MAXoNN
I.INE(56) a DOT
K : 55:+55**AMP(IIAMPMAX
L S5 5555.OPHASE(I)/PHMAX
M aS.55.*S.INTENStU)/RNTMAX
Nm55.45S.*OH0W( I)/OBDMAX

Ii K =K*1

MuM+I

LINE (K) aSTAR
LINE IL) a XPT
LINE (M) = YPT
LINE (N)mZPT
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I
' PRINI 1059LINE91

LINE(K) a BLANK
LINC(L) a BLANK

6 LINE(M) a BLANKk, PRINT 106
106 FORNAT(2OX.61HLEGEND***AMPLITIJOE *,PHASE * XoINTENSITY * -. OERI

9VATIVE = 0)
RETUJRN"" ~END

0000000000000000000000

1 *001f 1.
1.3000.

1" 
13000.

.1 .0001

.2 .018 0013000.

2 2 .001 .0001
. . 2

13000.

3 .001 .0003 .0001
.333 .333 .333

13000.

3 .001 .0003 .0001
. .2 .6

13000.

3 .001 .0003 .0001
.2 .3
13000.

3 .001 .0003 u0001
.2 .6 *

13000.

2 .00055 .00093

1 0 18000.

2 .00055 .00093
i1.

2*00055 .0009~3

0. 18000.
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APPENDIX V I

DIFFERENTIAL KERR SPECTROMETER

One disadvantage to tmeasuring thle Kerr effect directly is Ithat !he measuring; eqttipttent mnust have
response at the frequency of the applied elcctric Ilield. At frequencies above 10(t klil. sucht equipmtent
becomes jiiore specialized and more difficult to obtain. Outlitted herein is a schetme w&hich reduces the
electronics requirement to mneasurements at a constant audiol'requency. hut which mteasures thle Kerr
response curve as a function of the frequency of the applied field.

Rec.lling thc typical Kerr respon1se curve (Fig. 25a), it is of' interest to show the function d IB IA/df
(Fig. 25b). This function peaks at thle critical frequcncy amtd has a hialf widrth whicht is directly related to tile
breadth in frequency of the dispersion part of thle Kerr response curve The peak atttplitude ot tile d I B 11,1f

dli I I13
df ba

FIGURE 25. KERR RESPONSI; CURVE- ANt) ]TS t)ERtVAtIVL

WITHt RESPE'T TO FRtIOUt.NICY

curve is related through experimental constants to the amplitude of thle I B 1 curve. The area uttdcr the
d I B If df curve is a direct measure of the amount of decrease in the I Y I curve. That is. an integral of the
d I B I/df curve with frequency reproduces the 1I 1 I urve when the integration is hcgsin at high t'tequencies.

The princir'al advantage to using a device measuring d I B 1/dJ is thle simplification of the experimental
arrangement. T~re device could he made as shown in Figute 2(1.

The feedback is used to drive thle power aniplilicr al tlip' frequency to which the L11 circuit is tuned.
That is, the system is a self-oscillating one. The capacitor C1j represents tile Kerr cell itself,. While C2 is a

L

Wide band12

pow~er amnplifier

* I1FIGURE 26. BLtOCK DIAGRAM OF DIFFERE.NTIAL KERR SPLCTROMErER

time-varying capacitor. The capacitor (' 2 may he a tilotot driven rotating capacitor, or it may he parallel
plates mounted or, a tuning fork. The analysis of the circuit given below is based upon a tuning fork
capacitor. The basic equation is:
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-- - - I
and here

C=C, +C 2  (2)

Based o, two parallel plates set a distance do apart at equilibrium and having an amplitLde of
vibration dL, C2 becomes

k

C do +d, sin (3)

S.tbstitutiing for C(in Equation (I), we get

(4)

do +d sin Wt

t-xpanding/'in a Taylor's series as a function of sin wt. substituting

I'2-a= I Lk
2a/,t+ d--

and

kC2 o .= -

we get

2(C1 + Ca,,)d,, (5)

All factors in the second term are less than one and indeed should be arranged so that

C20  d1 -_

2(C, 4 C2,,)d 0 0.

so that the expansion is a valid one. It shows that the experimental arrangement diagrammed above will
have a time-varying frequency centered around the central frequency f,,.

The effect of uising this arrangenment would be to produce a signal at the detector which is propor-
tional to the late of change of the Kerr constant over the frequency range scanned. That is, a signal will be
produced at the modulation frequency (fiequency of the tuning fork) which will be greater at one end of
the modulation cycle than at the other. The magnitude of this difference is proportional to the slope of the
Kerr response curve at that frequency.

Derivative measurements have been used in magnetic resonance experiments for some time, and have
proven useful in that grcater resolution is possible than when straight absorption measurements are made.
The primary reason foi utilizing this scheme is to eliminate the need for phase detection at the rf
frequencies. Thle equipmeolt requirements are reduced to a low frequency phase detector and a wideband
power amplifier. The simplification makes possible measurements that would otherwise requite much time
and effort in construction of'suitable equipment.
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APPENDIX VII

STUDY OF THE RELAXATiON TIME OF THE KERR EFFECT
BY ALTERNATING CURRENT*

by H. Benoit

SUMMARY

We have realized an apparatus permitting the measurement with alteulating current ot the instan-
taneous value of the birefringence in its phase shift with respect to the appiied voltage.

With this apparatus, we have studied a solution of tobacco mosaic virus for the frequencies between
25 and 20.000 cps. This has permitted us to give, for the first time, a verification of the theories of tile
birefringence in alternating current. We have thus measured the mechanism of orientation and measured the
rotational diffusion constant of the virus particles. The value found is in good accord with the values
determined by other methods.

I ntroduction

Numerous authors( 1,2,3) have studied tile electric birefringence of colloidal suspensions. with alter.
nating current but the results obtained seem rather contradictory. It is, thus, that one often talks of
anomalous birefringence. We have therefore proposed to study this phenomenon in a systematic fashion to
determine the laws that permit a final account.

Before describing the apparatus that we have used in the measurement that we have effected, we will
review briefly the theoretical results that give, in this case, the application of classical laws of Brownian
diffusion. This theory, developed by Tummers( 4 ) and Gutton( 5), is found exposed in a memoir of Peterlin
and Stuart(6), and it is under the form that these last have given it that we are reviewing the broad outlines.

Theory of the Electric Birefringence in Alternating Fields

Let us consider a medium made up of particles forced by an electric field. One knows that the
function of the distribution f of the orientations of the molecules at time t is a solution of tlhe differential
equation which expresses the general lRws of Brownian movement

I -. I af
V'f + divf grad w =-- -- (1)

kTD D)t

In this expression, K is the Boltzmann constant, T the absolute temperature, w the energy of the
particles at a given instant, and D their rotational diffusion constant, a function of their volume, of their
elongment and of the viscosity of the medium.

In order to determine fand, thus, the birefringence of the medium at a time, t, it is necessary to carry
in this equation the value of w corresponding to the mechanism of orientation adopted, then to integrate
while taking account of the conditions of the problem.

Now, when one knows the molecular theory of the Kerr effect, one sees in general two mechanisms

for the orientation of a molecule:

(I) Orientation by action of a field on a permanent electric moment carried by the molecule.

(2) Orientation due te the electric anisotropy of the molecule.

*Translated from the French by R. E. Linder.
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Iliesi: two mechanisms C4e Xit in general but, as the term doe to the permanient miomennt is large
ciompa red to t hat of t he aniisot ropy. oneC can separate thle two cases.

Frexample. if we suppose that the electric field applied to a solution is of the formi: eigtefeunyothalraigfedndwcllA 0 h Edifrnc bcotse

fie ndi,, eý of thc mieduiuin the directioi of (lit; applied fleid and in tile direction pcrpendicular. when it is
subjected it) a constant field Eif

Icarrying successively in Equation (I) the values of A, corresponding to the two nmechanismns of'
orientation envisaged. one can integrate the differential equation and one finds for tlie hirefringence Ani at
limte Ifthle following expression:

(I) If the orientation is due to a permanent moment carried by the molecules:

_______C__ e(2wt 62)

whereA = All +nto ,/I2 +2 W~42r 94

weeT 14(3D) and where 6 2 is defined by the relation:

2-.3w 2

2)If the orientation is uniquely provided hy anl induced moment, one obtains:

All=Alt,,[ I +Cos Qwt SI)

6, being defined by thie rdation: tail 6, = r.

One see" that, in these two cases, the birefringence oscillates between the two extreme values that are
functions of thle frequency of thle ap~plied field and which coincide when this frequency is indefinitely
increased. InI the f'irst case, the hiref'ringence tends toward zero, while, in the second, it tends toward the
iteCdianl value Ali,,. Figures I and 2 repreenit graphically as a function of log W~T the extreme values of
An/An,, also the value of' b. Figure I in the case of orietitation dipole tnoment, Figure 2 in the ease of
orinettation of ail induced momentr.

One sees that tie aspect of' the curves is entirely different and that their experimental determination
Ilermits the determinitation of r. as well ais thle rotational diffusion constant of the substance studied.

1. Exoerirnental Apparatus

In order to determine if' the theory that we have enunciated applies to the problem that we have
posed, it is tnecessary to tIICZIsure. as a function of frequency. thle miaximuml hirefringence. the minimum
bir'efringence. as well as the phlase shift. We have therefore ecalized anl apparatus permitting the determina-
tion f those quatia ttites and of' whijelltite sehenmatic d jagra in is represe nted in Figure 3.

A luminous source Oan incandescent lamp) sends a narrow parallel beath to traverse a Kerr cell placed
bet weein two crossed Nichols. A signal generator furtiishes the sinuisoidal voltage which oile cati vary the
frequency'. It is followed by ani amoplifier the output (if which is relayed directly to the terminals of the
samiple cell and to the horizontal deflection plates of an owcilloscope. A phiototnultiplier p is placed behind
the analyzer, it is followed by a large band pass amplifier fromt 20 cycles to 0 megacycles withotut phtase
distort iou thte output of thIiis amiplifier is reayed to thle vertical plates Of the Oscilloscope. The touhe that we
have uised is a deep NbC with a blue spot; it functions withI a posi 'acceleration voltage (if'.3(00 volts. wtiicl
pet tlih ItS 1s t ph~ aograph the osc ill ogratts easily.
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igure 2. Orientation by ai permanent 11ri01t.
Plaine curve: maximrum biret'ringence. 11ininiL1uni and median.

Dotted curve: dephasing between thme birei'ringettee and tihe appliedl Ield.
The abswisvia thFreq uency ofIthme applied hield.
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9 I

Figure 3. Schematic diagram of the principal Figure 4. Osclilogram obtained while observing
parts of the apparatus. nitrobenzene: frequency 10,000 cycles, the

applied voltage 500 volts effective.

Uhder these coditions, one obtains on the screen of the oscilloscope a curve analogous to the
LissajotlS curve of' or-lo 2, because the light is modulated at a frequency double the frequency of the
exciting votage. In order to deuoce froin the curves the value of birefringence An, it is necessary to know
th. origin. Thdt is to say. the ordinate on the oscilloscope screen of the trace corresponding to An 0 0. For
this. we have utilized the following artifice. A turning disc is placed in the path of the luminous beam and
interrupts the luminous beam] at amound 100 times a second. Under these conditions, at the moment when
the beam is interrupted, the spot describes a hori,:ontal line which coincides with the line An = 0, if one
neglects completely the lumninescent parasite due to the fact that the extinction between the crossed
Nichols is nor total.

Figure 4 shows, for example, the oscillogramn obtained in these conditions with nitrobenzene. The
applied field has a value of the order of 1500 volts per centimeter and a frequency of 10,000 cps. One sees

thit the hirefIrngence is annulled at the same time as the voltage, which corresponds very well to the.oretical
results in the case where t[te frequency of the electric field is very small compared to the rotational
diffusion constant of the substance studies, a constant that is of the order of 10' sec.(7)

II. Measurements

We have utilized as a todel a suspension of tobacco mosaic virus In distilled water. One knows, on
one hand, that these solutions present a considerable Kerr effect, and that, on the other hand, one can
measure the dimensions of the particles in an electronic microscope that permits the verification of the
c, periinental results. It is thus that one has utilized these solutions to verify the theories of emission
hirefringence( ) of the diffusion of light( 10,11) and of the Kerr effect with rectangular voltage
i.ll )ulscS.( 12) All these experiments show that the behavior, of these solutions is absolutely normal at weak
concentratiotns, we have. therefore, been content to study two solutions respectively at 10 and 5 mg per
I00 cc. The results obtained being. within the error of :xperiment. identical, and we contented ourselves to ,
reproduce here those which are relative to thie first serios of experiments. We have made the frequency of
the alternating field applied to the cell vary between 20 cycles and 20,000 cycles per second and Figures 5,
0ý. and 7 show the oscillograms obtained for N 50. N 200, N = 20,000. One sees immediately, in a

.1

,ligurc S. Birefringence of a solution of iobacco Figure 6. Birefringence of the same
il0,aic' virus. tI Omg in tOtt cc. N 50. solution for N 200.
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k .i lVc 1aimm,0ta the pihase shii'i bircfwri-• • ~ ~~ile, applied wol.iage anld the obse•rved hiref'ril-

""CC el a kes ConsideahlC vihles a0d tl. Il wihen
Ihie frequelky increases the birefringence
remdains constant and difterent from 0. This led

Us I0 tile CoICllsi•il t1•hI theoe Ori ttltiolttn COtllic
is of the type by induced inotnent and not by
permatnein t toollent which verifies the result

that we have obtained in studying the Kerr
effect of these solutions by anothet

Figure 7. ttirefringe'ncL of ihe snilc ncthod.(12)

solution for N = 20,000.

In order to verify the theory in a more
quantitative fashion, it was necessary for us t-)

trace for a constant value of :h'e the curves ,.I
max, An min, and 6 as a fulnction tit' the f're-
quency. For this, we measured on a large plate
the known relationship between the three qtLln-

I t I Iit Cs I Y2I , Y3 corresponding to the
I ordnance of the highest point, the lowest point.

antd the point of intelsection of the two patls
I- I of thle Lissajous curve (Fig. 8). On tie other

i3 Y3 I hand. one can measure while making the turn-
ing disc turn in the absence of an electric field
the vertical displayment Y, due to the passage

X -_ of the luminous parasite when the Nichols are
crossed. As the blrefringences are weak, one can
assume( 12) that the hlrefrlngence at time I is

Figure 8 proportional to the quantity (O)' j,,) l/2

But, in order to trace tite curves corresponding to Figures I and 2, it is necessary to return for all
frequencies to a constant value of' the applied electric field. We assume. therefore, that which is experi-
mentally verified, that the birefringence is proportional to the field strength and in calling X the length of
the horizontal trace, we can write that the specific birefringence is given by the f'ormulas:

KV/im; Y4o
An max K x-

X2

V/Va Yo
AnmrinK =XK

where K is an arbitrary constant dependent on the calibration of the apparatus. Finally. we obtain the value
of the phase shift by the relation

Cos i- -\ Y--, o + \6T• ... Y" - 2\/, Y-oi'
cosa- 6 =,,-• <

Figure 9 represents the experimental results obtained while using as an abscissa the logarithm of the
frequency. For high frequencies, the measure of 6 becomes difficult and almost impossible, because the
differences between jYi. v2 , and Y 3 are of the same otder of magnitude as 'the noise of the photornultiplier. 4

One sees, also, that with experimental errors, the experimental results are well grouped on the curve having
the same aspect as those that ri.rmit the calculation of the theory in the case of orientation by induced
moment. From these curves, one can obtaiii the value of rotational diffusion constant by two methods:
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i1*
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10, 2 4 8102 2 4 Bio3 2 4 8104 2 4

Figure 9. Experimental Results. Solution of' tobsacco miosaic virtiq
10 mg pet 100 cc. Atisclss: the frequency, Plain curve:

maimjrum and mnhiimumn bireffingene. Dotted cuive:
phase shift between the birefringence and the voltage.

(1) In finding the frequency N1 ,at which 5 =45';

(2) In finding the frequency N2, for which the curve An max or An mini presents a point of
in flection.

These two frequencies N,1 and N2 are related to iho rotatiunal diffusion constant of the median
as;surned muiiodisperse by thc relations:

3

N2 2= D)

which permnit, knowing N, and N2, ut.ý calculation ofD. According to whether one utilizes the first or the

second miethod, one finds:

D, 320sec' D2 = 440 sec

These values tire compatible with the results obtained by other methods on suspensions of the same type. In
fact, we have found by the Kerr effect study with rectangular impulses, the median value D = 450 sec*' but
it is evident that these two~ niothods of' analysis do not give the same result. In fact, the theoretical curves
reproduced in Figures I arid 2 are relative to a median containing only one species of the molecule. Thus,

we have to deal with a mlixture of particles of different lengths, that is to say, a polydisperse medium and,
in order to have theoretical representation correct to the experimental results, it is necessary to take into
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relaxation time corresponding to the species i, one sees that the frequency w for which 6 = 45' is a rIoo of
the equation:

2nj (I + WT)-112 (2 cos - . 0

where 6 is defined by the relation tan 61 = l1/(wj), the suminit.ion extends over all species mol1 nlecules
presented in the solution. On the otlher hand. the frequency w for which the curves -1n max and An min
present an Inflection point, would be roots of the equation:

• ' Ant(1 +- 2
r )- 12 (2 w 2r)= 0 withlrl

3D

D, being the rotational diffusion constant for the species i. This shows well that the inedian values measured:by the two methods have no reason to be equal, But one also) Sees (th11 these C(It~ati011s are rather tllffictul!
to manage, seeing the presence of the radicals, which leads us to tile conclusions that the study of tfie
polydispersity by this method will be more complicated than by the rectancular Impulse recilhod.

In summary, we have shown that the laws of dispersion of the Kerr effect as a function of IWie
frequency of applied field as applied to suspensions of tobacco mosaic virus, With this, we have shwij the
mechanism of' orientation as well as given a value approaching the rotational diffusion constant of these
molecules in suspension. In spite of these results, this method seems difficult to apply to the case of'
polydispersed media because it is less precise and less easy to utilize than the method of reclangular
impulses.
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